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ABSTRACT 

 
This research presents a mathematical framework for AI-driven adaptive learning 
systems (ALS) in calculus education, combining nonlinear dynamical systems, 
reinforcement learning (RL), and fairness-aware optimization. The author derives 
a delay differential equations (DDEs) system to model knowledge retention and 
prove global stability via Lyapunov functions. The ALS employs a partially 
observable Markov decision process (POMDP) to optimize instructional policies, 
with a fairness penalty term minimizing demographic disparities. Empirical 
validation involves a year-long study (N=450 students), showing a 28% increase 
in mastery rates (p < 0.001, alpha=0.01) and a 63% reduction in equity gaps. 
Theoretical contributions include a bifurcation analysis of the DDE system and a 
proof of regret bounds for the RL algorithm. The work advances the integration of 
control theory and AI in mathematics education. 
 
  
Keywords: Adaptive learning, Delay Differential Equations, Fairness in AI, 
Lyapunov stability, POMDP   
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INTRODUCTION 
 
Calculus remains a critical gatekeeper for STEM careers, yet persistent challenges 
in conceptual mastery disproportionately affect marginalized students (Bressoud 
et al., 2015). The challenge of equitable calculus mastery persists due to 
heterogeneous prior knowledge and instructional rigidity (Koedinger et al., 2015). 
While AI-driven systems show promise (Holmes et al., 2019), their mathematical 
foundations remain underdeveloped. This paper addresses two gaps: 
 
Mathematical Rigor: Prior ALS lack formal stability guarantees, risking chaotic 
adaptation (Wiggins, 2003). 
 
Equity: Most systems optimize for average performance, exacerbating disparities 
(O’Neil, 2016).   
 
A traditional one-size-fits-all curricula fail to address individual learning 
trajectories, necessitating AI-driven personalization. This paper introduces a novel 
adaptive learning system (ALS) that (1) Dynamically adjusts problem difficulty 
using real-time performance data, (2) Predicts misconceptions via neural networks 
trained on error patterns, and (3) Optimizes knowledge retention through spaced 
repetition modeled via delay differential equations. 
 
This work is grounded in principles of Cognitive Load Theory (Sweller, 1988) and 
Constructivist Learning Theory (Vygotsky, 1978). The dynamic adjustment of 
problem difficulty aligns with managing intrinsic cognitive load, while the spaced 
repetition mechanism mirrors constructivist scaffolding by reinforcing prior 
knowledge. By embedding these theories into the mathematical framework, the 
ALS ensures alignment with evidence-based pedagogical practices. 
 
Theoretical contributions include a stability analysis of the ALS as a nonlinear 
dynamical system, while empirical results validate its efficacy in diverse 
classrooms. 
 
We propose an ALS governed by:   

𝑑𝐾	"
𝑑𝑡

=  𝛼"  𝐼"(𝑡 − 𝜏)  −  𝛽"  𝐾"(𝑡)  +  .𝛾"#

$

#%&

  𝐾#(𝑡) 𝐻1𝐾#(𝑡)  −  𝜃#3 

Subject to 𝑚𝑖𝑛' 𝐸 8∑ :𝑅((𝜋) − 𝑅)*((𝜋):(∈, = ≤ 𝜖 
where ( 𝐾") is knowledge in component in  𝑖	, 𝜏 is instructional delay, and 𝑅( is 
reward for demographic group 𝑔	.   
 
Several studies have explored adaptive learning in STEM domains. Corbett and 
Anderson (1994) introduced the concept of knowledge tracing, a foundation for 
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modern learning systems. More recently, VanLehn (2011) reviewed the 
effectiveness of intelligent tutoring systems, reporting substantial gains over 
traditional methods. 
 
AI-based personalization has been explored by Piech et al. (2015) using recurrent 
neural networks, while Wang et al. (2021) employed reinforcement learning to 
optimize student engagement. However, most lack formal dynamical models, as 
noted by Chiang and Ma (2020), limiting predictability and stability. 
 
Equity-focused learning systems have also emerged. Binns (2018) and Holstein et 
al. (2019) critique AI bias in education, advocating for fairness constraints, 
aligning with our inclusion of demographic reward penalties. 
 
While prior works validate adaptive learning’s promise, our contribution uniquely 
integrates control theory (DDEs and Lyapunov stability) and fairness-aware 
reinforcement learning in a unified framework. This mathematically principled 
approach ensures both stability and equity—an underexplored synergy in the 
literature. 
 

THEORETICAL FRAMEWORK 
 

Knowledge Dynamics as a Switched System 
 

Let  𝑲(𝑡) = [𝐾&(𝑡), … , 𝐾$(𝑡)]- represent knowledge states. The system 
switches between 𝑚 instructional modes, yielding:   

𝑲̇ = 𝐴.𝑲 + 𝐵.𝑰(𝑡 − 𝜏) + 𝚪(𝑲) 
 
where 𝜎(𝑡) ∈ {1,… ,𝑚}is the switching signal, 𝐴.is a Metzler matrix 

(ensuring positivity), and 𝚪 encapsulates nonlinear reinforcement:   
 

Γ"(𝑲) =.𝛾"#𝐾#𝐻Q
𝜕1𝑓
𝜕𝐾#1

T
$

#%&

	 (Hessian-based activation)	

 
Theorem 1 (Global Exponential Stability): 
 

If ∃𝑃	 ≻ 0 and 𝜇 > 	0 such that ∀𝜎 
 

𝐴.-𝑃 + 𝑃𝐴. + 𝜇𝑃 ≺ 0,	
 
then :|𝑲(𝑡)|: ≤ 𝑀𝑒234/1:|𝑲(0)|:  

 
Proof: 
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Assume the switched system 𝑲̇ = 𝐴.𝑲 + 𝐵.𝑰(𝑡 − 𝜏) + 𝚪(𝑲)). 𝐿𝑒𝑡(𝑉(𝑲) =
𝑲𝑻𝑃𝑲 be a Lyapunov function candidate. Taking the derivative:   
 

𝑉̇ = 𝑲𝑻(𝐴.-𝑃 + 𝑃𝐴.)𝑲 + 2𝑲𝑻𝑃𝐵.𝑰 + 2𝑲𝑻𝑃𝚪(𝑲). 
 
Under the condition 𝐴.-𝑃 + 𝑃𝐴. ≺ −𝜇𝑃, 𝑎𝑛𝑑	𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔	:|𝐵.|: ≤

𝑏, :|𝚪|: ≤ 𝑐:|𝑲|:, we apply Young’s inequality:   

2𝑲𝑻𝑃𝐵.𝑰 ≤ 𝜖:|𝑲|:1 +
:|𝑃𝐵.|:

1

𝜖
:|𝑰|:1. 

 
Choosing ( 𝜖 = 𝜇/4), (𝑐 < 𝜇/4), 𝑎𝑛𝑑(:|𝑰|: ≤ 𝑀), we obtain:   
 

𝑉̇ ≤ −
𝜇
2
𝑉 +

:|𝑃𝐵.|:
1𝑀1

𝜖
. 

 
By the comparison lemma (Khalil, 2002), 𝑉(𝑡) ≤ 𝑉(0)𝑒234/1 +

17|9:!|7
";"

3<
, proving exponential convergence to a bounded set.   

 
Fairness-Constrained POMDP 
 

The ALS policy 𝜋 solves:   

max
'=

p.𝛾4𝑟4

-

4%>

r 	 s.t.	 Var(∈,(𝐸[𝑟4|𝑔])	

 
We reformulate this via Lagrangian relaxation (Boyd & Vandenberghe, 

2004):   
ℒ(𝜋, 𝜆) = 𝐸[𝑅(𝜋)] − 𝜆 uVar( u𝑅((𝜋)v − 𝛿v	

 
Using the policy gradient theorem (Thomas & Brunskill, 2017), we derive:   

∇?ℒ= 𝐸 p.∇? log 𝜋 (𝑎4|𝑠4) Q𝑄'(𝑠4 , 𝑎4) − 𝜆
𝜕Var(
𝜕𝜋

T
-

4%>

r	

 
Theorem 2 (Regret Bound): 

For learning rate  𝜂 = ~ABC|D|
-|E|

	 

 
Regret(𝑇) ≤ 𝑂 u�𝑇|𝑆||𝐴|(log 𝑇 + 𝜆1)v	
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Proof: Using mirror descent analysis (Nemirovski et al., 2009), we define the 
regret as Regret(𝑇) = ∑ (𝑟4∗ − 𝑟4))-

4%& , 𝑤ℎ𝑒𝑟𝑒	𝑟4∗ is the optimal reward. Using 
mirror descent with Bregman divergence 𝐷G(𝜋||	𝜋′):   
 

𝜋_{𝑘 + 1} 	= 		𝑎𝑟𝑔		𝑚𝑖𝑛'	{	𝜂⟨∇𝐿(𝜋H), 𝜋⟩ +	𝐷G(𝜋||	𝜋H)}.	
For the KL-divergence 𝐷G(𝜋||	𝜋′) 	= ∑I𝜋(𝑠)		𝑙𝑜𝑔	

'(I)
'L(I)

, the update 
becomes:   

𝜋HM&(𝑎|𝑠) ∝ 𝜋H(𝑎|𝑠) exp Q𝜂𝑄'(𝑠, 𝑎) − 𝜂𝜆
𝜕Var(
𝜕𝜋

T .	

 
Summing over (	𝑇	)	iterations and applying the telescoping sum property:   

Regret(𝑇) ≤
log|𝐴|
𝜂

+ 𝜂𝑇 �𝐸 �:|𝑄|:N
1 � + 𝜆1𝐸 ��:∇Var(:�

1
�� .	

Setting  𝜂 = 	√{𝑙𝑜𝑔	 |𝐴|}{𝑇(|𝑆||𝐴| 	+	𝜆1)}, we achieve the stated bound.   
 
The ALS integrates principles of Inquiry-Based Learning (Hmelo-Silver et al., 
2007) by structuring problems as iterative explorations rather than static tasks. The 
delay term ττ in Equation (1) models spaced repetition, a strategy supported by 
Cognitive Load Theory to optimize long-term retention (Sweller et al., 2011). 
Additionally, the fairness-aware RL policy operationalizes Vygotsky’s Zone of 
Proximal Development, dynamically tailoring instruction to individual readiness 
levels. 
 

EMPIRICAL ANALYSIS 
 

Dataset and Model Specification 
 
Alongside quantitative metrics, semi-structured interviews were conducted with 
30 participants (15 experimental, 15 control) to capture cognitive processes and 
engagement. Teachers (N=10N=10) also provided feedback on usability and 
integration challenges. A comparative analysis was performed against a rule-
based AI system (ALEKS, Falmagne et al., 2006) to evaluate the unique efficacy 
of the proposed ALS. 
 
Participants: 450 undergraduates across 3 institutions. 
Control Variables: Prior GPA, instructor effects, socioeconomic status (SES) 
(Reardon, 2011).   
Model: Coupled DDEs solved numerically via RK4 with Δ𝑡	 = 	0.1	:   
 

𝐾"HM& = 𝐾"H +
Δ𝑡
6
(𝑓& + 2𝑓1 + 2𝑓O + 𝑓P) 
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The system of DDEs is solved numerically using the 4th-order Runge-Kutta 
(RK4) method: 
 
The system QR

Q4
= 𝛼𝐼(𝑡 − 𝜏) − 𝛽𝐾(𝑡) is solved using the 4th-order Runge-Kutta 

(RK4) method:   
Discretization: Let 𝑡H = 𝑘Δ𝑡, 𝐾H ≈ 𝐾(𝑡H), 𝐼H = 𝐼(𝑡H − 𝜏).   
 
Stages:   

				
𝑓& = 𝛼𝐼H2S/T4 − 𝛽𝐾H ,	

𝑓1 = 𝛼𝐼H2S/T4M& − 𝛽 �𝐾H +
Δ𝑡
2
𝑓&� ,	

𝑓O = 𝛼𝐼H2S/T4M& − 𝛽 �𝐾H +
Δ𝑡
2
𝑓1� ,	

𝑓P = 𝛼𝐼H2S/T4M1 − 𝛽1𝐾H + Δ𝑡𝑓O3.	

𝐾HM& = 𝐾H +
Δ𝑡
6
(𝑓& + 2𝑓1 + 2𝑓O + 𝑓P).	

 
For achieving stability, we would require Δ𝑡 < 1

U
 (Hairer et al., 1993).  

 
RESULTS 

 
Phase Portrait Analysis:  
   - Stable limit cycle observed when 𝛾"# > 𝛽"  

 
Figure 2a : A closed orbit in the (𝐊𝟏) − (𝐊𝟐) plane, showing trajectories 

converging to a stable limit cycle 
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   - Hopf bifurcation at 𝜏XY"4 =

'
1Z[U

 (Kuznetsov et al., 2013)  

 
 

 
Figure 2b :  A plot of  𝛕	𝐯𝐬. :|𝐊|:, showing a transition from stable fixed point 
to limit cycle at 𝛕𝐜𝐫𝐢𝐭 
 
Equity Outcomes:   

Table 1 

Equity Outcomes Between Two Groups 

Group Pre-test gap Post-test gap Reduction 
Underrepresented 22.1% 8.3% 62.4% 
Female 15.6% 5.8% 62.8% 

Note. Reduction is calculated as the percent decrease in the gap from pre- to post-
test assessments. 
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Qualitative feedback revealed that 85% of students found the ALS’s adaptive 
problems ‘intuitively challenging but not overwhelming,’ aligning with Cognitive 
Load Theory’s emphasis on germane load. Teachers noted the system’s real-time 
analytics enabled targeted interventions, though 40% highlighted initial training 
hurdles due to algorithmic complexity. 
 
Mathematical Findings 

• Phase plane analysis confirmed global convergence under γ=0.8 βγ = 
0.8β. 

• Bifurcation at γ= βγ =β matches empirical performance collapse. 
 
Empirical Outcomes: 

Table 2 

Empirical Outcomes for Two Metrics 

Metric Experimental group Control group p-value 
Post-test score 84.3 ± 6.2 72.1 ± 8.4 < .001 
Equity gap 5.2% 18.7% .003 

Note. M = mean; SD = standard deviation. Values represent mean ± standard 
deviation where applicable. Statistical significance was assessed using 
independent t-tests. 

 
Statistical Significance:   
 
   - ANCOVA: 𝐹(3,446) = 18.7, 𝑝 < 0.001, 𝜂`1 = 0.31 (Field, 2024).   
   - Bayesian t-test (BF₁₀ > 1000) favors experimental group (Kruschke, 2013).   
 

DISCUSSION 
 
 
The system’s success hinges on:   
 
1. Mathematical Stability: Theorem 1 prevents erratic oscillations in problem 
difficulty (Strogatz, 2015).   
 
2. Fairness-Aware RL: The variance constraint reduces disparities without 
sacrificing overall performance (Hardt et al., 2016).   
 
The ALS’s success stems from its dual mathematical-empirical foundation: 
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1. Stability guarantees prevent erratic adaptations. 
2. Fairness constraints in RL reduce disparities by 71%. 

 
These findings affirm the theoretical model: by ensuring global stability and 
tailoring instruction via a fairness-constrained policy, the ALS avoids chaotic 
adaptations that often plague black-box AI systems (Chiang & Ma, 2020). Notably, 
our model’s bifurcation behavior closely matches real-world drop-offs in 
performance, suggesting its practical relevance in predicting critical transitions in 
student engagement. 
 
From a pedagogical perspective, the system operationalizes constructivist learning 
principles (Hmelo-Silver, 2004) in real time, a feature lacking in prior 
implementations (VanLehn, 2011). Furthermore, empirical improvements—
especially the 63% reduction in equity gaps—suggest this framework has potential 
as a scalable intervention in addressing systemic disparities (Reardon, 2018; Binns, 
2018). 
 
This model may also inform AI policy design by demonstrating how algorithmic 
transparency and constraint-based fairness can co-exist with high performance—
rebutting critiques by O’Neil (2016) that algorithmic optimization inherently 
worsens inequality. 
 
Limitations include assumption of Lipschitz-continuous knowledge decay—future 
work will address stochastic jumps via Lévy processes (Applebaum, 2009).   
 

CONCLUSION 
 

This work establishes a mathematical foundation for ethical AI in education, 
demonstrating that rigorous dynamical models and constrained RL can 
concurrently elevate achievement and equity.  For classroom implementation, we 
recommend phased adoption: (1) pilot training workshops for educators on 
interpreting ALS analytics, (2) hybrid instruction blending AI-driven tasks with 
collaborative inquiry-based activities, and (3) institutional partnerships to address 
infrastructural costs. Ethically, transparency in algorithmic decision-making is 
critical to mitigate bias in AI-driven assessments (Holmes et al., 2022). A cost-
benefit analysis (Appendix E) suggests scalability for resource-constrained 
settings when paired with open-source tools. While the mathematical rigor ensures 
stability, the ALS’s classroom value lies in its pedagogical alignment: it reduces 
cognitive overload through spaced practice and empowers teachers with actionable 
insights. For educators, the system offers a ‘guide on the side’ tool that 
complements and not replaces human instruction. 
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